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Abstract. In this work we formulate fourth mathematical models trying to describe basic aspects
into the dynamics of the Mycobacterium tuberculosis (Mtb) infection at different stages. The purpose
of this study is to evaluate the impact of the response of T cells and macrophages in the control of
Mtb.
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Resumen. En este trabajo se formulan cuatro modelos mateméticos que intentan describir aspectos

bésicos de la dindmica de la infeccién con el Micobacterium tuberculosis (Mtb) en diferentes etapas.
El propésito de este estudio es evaluar el impacto de la respuesta de las células T y los macréfagos
en el control del Mtb.

Palabras Clave. Modelo matematico, Tuberculosis, Estabilidad, Inmunologifa, soluciones de equi-
librio

Introduction

Tuberculosis (TB) is an infectious disease whose etiological agent is Mycobacterium tubercu-
losis (Mtb). The World Health Organization (WHO) reports 9.2 million new cases and 1.7
million death each year [1, 2]. However, only 10% of infected individuals with Mtb develop
the disease in their lifetime [3]. This indicates that in most cases the host immune system
is able to control replication of the pathogen. The Mtb bacteria may affect different tissues,
but usually develop pulmonary TB. After the entrance of the bacilli into the lung, phagocy-
tosis of the bacteria by alveolar macrophages takes place. Cell mediated immune response
develops within 2 to 6 weeks, this leads to the activation and recruitment of other immune
cell populations, such as CD4"T or CD8VT lymphocytes. These cells secrete cytokines that
help to kill the infected macrophages [4]. In most cases the initial infection progresses to a
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latent form which can be maintained for the lifetime of the host with no clinical symptoms.
The reactivation of the latent infection can be due to aging, malnutrition, infection with
HIV, and other factors.

The immune response that occurs after the first exposure to Mtb is multifaceted and com-
plex. Animal models have been extensively used to explain the mechanisms involved in this
response, however, these models have limitations, since cellular response may vary between
species [5].

Mathematical models have been applied to understand the celular immunology of TB.
Among them we have R. Antia et. al. [6], D. Kirschner [7, 8], Magombedze et al. [9, 10],
E. Ibargen-Mondragn et al. [11, 12, 13, 14, 15, 16, 17, 18, 19], Alavez et al. [20], Baloni
et al [21], Shi et al. [22], Bru and Cardona [23], Yang [24], Guirado and Schlesinger [25],
Carvalho [26], Goutelle et al. [27], E. Pienaar and M. Lerm [28]

In this paper we are interested in modeling the interaction of immune system cells more
relevant in the immunology of TB (macrophages and T cells) together with the Mtb at
different stages of infection. To this end, we formulate and analyze a sequence of four
mathematical models. The first model describes the interaction of macrophages and bacteria
at the beginning of the infection. The second model describes the interaction of macrophages
and bacteria in the context of innate immunology of TB. The third model describes the
interaction of macrophages, T cells and bacteria. In this case the cytotoxic response of T
cells is stimulated by the inability of macrophages controlling the infection progress. The
fourth model is a combination between the previous two in which both macrophages and
T cells have the capacity to fight against the bacteria. This model is found within the cell
mediated immunology of TB.

1 The basic model of Mtb infection dynamics

Infection with Mycobacterium tuberculosis (Mtb) follows a relatively well-defined process.
The infectious bacilli are inhaled as droplets from the atmosphere. In the lung the bacteria
are phagocytosed by alveolar macrophages and induce a localized proinflammatory response
that leads to the recruitment of mononuclear cells from neighboring blood vessels [29].
Since macrophages are the first targets of the bacteria we formulate a mathematical model
about Mtb infection dynamics considering the following population; uninfected macro-
phages, infected macrophages, Mtb bacteria which are denoted by x, y, and b, respectively.
We assume that uninfected macrophages reproduce at constant rate A, and die at a per
capita constant rate pu. Uninfected macrophages become infected at a rate proportional to
the product of x and b, with constant of proportionality . Infected macrophage die at per
capita constant rate v, where v > u. Mtb bacteria multiply inside infected macrophages up
to a limit at which the macrophage bursts, and releases bacteria. For this reason, we assume
that infected macrophages produce Mtb bacteria at a rate proportional to the population,
py. Infected macrophages die at a rate vy and Mtb bacteria are removed from the system
at a rate yb. The above assumptions lead to the following system of nonlinear differential
equations

¥ = \—pux— Pxb
y = pxb—wvy
b = py—nb. (1.1)
The set of biological interest is given by
Q= {(z,y,0) € R : 0 < +y < A/p,0<b< Ap/yp}. (1.2)

The following lemma ensures that the system (1.1) has biological sense, that is, all solutions
starting in €2 remain there for all ¢ > 0.
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Lemma 1.1. The set Q defined in (1.2) is positively invariant for the solutions of the system

(1.1).

Proof. We begin adding the first two equations of (1.1) and using the fact that v > p we
obtain

%(I+y)+u(x+y)§A- (1.3)

From (1.3) we see that

A A
z(t) +y(t) < " + <—; + 20 +y0) e Mt

where xg + yo < A/p, which implies z(t) + y(t) < A/p for all ¢ > 0. Similarly it is proved
that 0 < b(t) < Ap/yu. On the other hand, it can be easily verified that the vector field
defined by (1.1) points to the interior of Q. Therefore the solutions starting in 2 remain
there for all ¢ > 0. 4]

A similar model was formulated by M. Nowak and R. May [30] for virus dynamics. This is
not a coincidence because although bacteria and viruses are very different microorganisms,
in the infection process Mtb behaves like a virus. Nowak’s model has been widely studied
and used. Its qualitative analysis was made by Li and Muldowney [31], Leenheer and Smith
[32], Korobeinikov [33]. The qualitative analysis of the model (1.1) is given in terms of basic
reproductive number Ry which is
= @ (1.4)
pvy
This number is interpreted as the number of secondary infections that arises from a macrophage
during its lifetime when all other macrophages are uninfected. The results of existence and
stability of equilibrim solutions are summarized in the following propositions.

Ry

Proposition 1.2. If Ry < 1, then the infection-free equilibrium Ey = (\/1,0,0) is the only
equilibrium of system (1.1). If Ry > 1, in addition to Ey there exists an endemic equilibrium

FEq given by
By = (;—Z, (Ro — 1)’;—;, (Ro — 1)%) .

Proposition 1.3. If Ry < 1, the infection-free equilibrium Eq is globally asymptotically
stable, and the infection cannot persist. If Ry > 1, the endemic equilibrium FE- is globally
asymptotically stable, and the infections persists indefinitely.

For the proofs of above propositions see [31] or [32].

2 The basic model of Mtb infection dynamics with ma-
crophages response

The innate immune system acts at the early phase as the front line for host defense against
Mtb infection. At this stage, different immune system cells such as neutrophils, mast cells,
macrophages, dendritic cells and natural killer trying to stop the progression of bacteria
through different effector mechanisms. The innate immune response against Mtb infection
is so complex that at present there are still many questions about it. However, the scientific
community agrees that the main effector cells in this response are the macrophages. For
this reason, in this section we will explore the innate immune response induced by effector
mechanisms of macrophages.
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As mentioned earlier, in the lung the bacteria are phagocytosed by alveolar macrophages that
often destroy them. At this stage, the Mtb destruction depends on the intrinsic microbicidal
capacity of host phagocytes and virulence factors of the ingested Mtb bacteria [34]. When
bacteria evades their elimination, they multiply inside an infected macrophage up to a limit
at which the macrophage bursts, and releases bacteria. When this happens, macrophages
induce a localized proinflammatory response that leads to the recruitment of mononuclear
cells from neighboring blood vessels.

In this section we want to make a model on innate response against Mtb. To this end, the
Mtb bacteria replicates according to the basic model of Mtb infection dynamics (1.1). The
innate response or macrophages response kill bacteria at proportional rate to the product
of z and b with constant of proportionality ©. The innate response rate v including the
effects of rate at which uninfected macrophages eliminate bacteria, and effector mechanisms
involved in the killing of mycobacteria such that apoptosis. Under the previously described
assumptions, we obtain the following mathematical model

¥ = N—pux— Bab
" = Baxb—uvy
b = py—ab—~b. (2.1)

For this system we have that the following invariance result.

Lemma 2.1. The set Q defined in (1.2) is positively invariant for the solutions of the system
(2.1).

Proof. Similarly to proof of Lemma 1.1. o

2.1 Equilibrium solutions

In this section we will characterize the equilibrium solutions of the system (2.1). Before
infection, the system is at the equilibrium state x = A/u, y = 0, and b = 0. Suppose
that bacteria enter to the organism. The infection progression will depend of the basic
reproductive number, Ry, defined by

O

(v +7')
where v/ = 1)/ is the rate at which bacteria are eliminated by innate response at its equi-
librium level. The following proposition summarizes the existence results of the equilibria.
Proposition 2.2. If Ry <1, then Py = (\/,0,0) is the only equilibrium in Q. If Ry > 1,
in addition to Py, there exists an endemic equilibrium Pj.

(2.2)

Proof. Equilibrium solutions of (2.1) are given by solutions of the following algebraic system
A—pr—pxb = 0
Bxb—vy = 0

py — b —~b = 0, (2.3)

which are infection-free equilibrium Py = (\/, 0,0) and endemic equilibrium Py = (21,1, b1)
where

B A
T w+ Bby
_ BAby
T Ut )
b, — W HYNE D)

VB
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2.2 Stability of equilibrium solutions

In this section we analyze the stability of equilibria. We begin by analyzing the stability of
the infection-free equilibrium.

Proposition 2.3. If Ry < 1, then Py is locally asymptotically stable, and unstable when
Ry >1,.

Proof. To analyze the local stability of the equilibrium Py we will use the Jacobian of the
system (2.1) which is given by

—(p+pBb) 0 —pz
J = Bb —v Bz . (2.4)

—1b p —(pr+7)

The eigenvalues of the Jacobian (2.4) evaluated at Py are given by —pu, and the solutions of
the quadratic equation

A A
52—1-(u—l—wﬁ—i—v)S—l/(w—i—w;)(Rl—l):O. (2.5)
From Routh-Hurwitz criteria we conclude that the roots of the equation (2.5) have negative
real part if and only if Ry < 1 (see [35]).
Actually, we can prove global stability of Py when Ry < 1.

Proposition 2.4. If Ry <1 then Py is globally asymptotically stable.
Proof. The function U defined by

U = py + vb, (2.6)

satisfies U(Py) = 0 and U(P) > 0 for all P € Q. Since Ry < 1 implies pf — vip < uvy/A,
then its orbital derivative satisfies

U= (pB—vip)xb — vyb < M—/V\be—uwb:u—/y\wb(x—i) <0.
1

In consequence U(P) < 0 for all P € Q. From inspection of system (2.1) we can see that
the maximum invariant set contained in the set U = 0 is the line y =0, b=0. In this set,
system (2.1) becomes

¥=\—pux, y =0, b=0.

Which implies that the solutions starting there tend to equilibrium P, as ¢t goes to infinity.
Therefore, applying the LaSalle-Lyapunov Theorem (see [35]) we have that Py is globally
asymptotically stable.

Now, we are going to prove the stability of P;.
Proposition 2.5. If Ry > 1, then Py is locally asymptotically stable

Proof. From equilibrium equations (2.3) we have

Py

A
pt by = —, Yry +v=——.
X1 b1
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Substituting the equations (2.7) in the Jacobian (2.4) we obtain

A 0 —fu
T
J(Pr) = pby —v B : (2.8)
—ub p TR
1

The characteristic polynomial of J(P;) in (2.8) is given by

p(€) = € + a16? + a2 + a3, (2.9)
where
A
a = v+ Py A
bl T
A PY1
ay = v— +v—+8h
X bl
a3 = ~vpbr.

The Routh-Hurwitz criterion states that the roots of the polynomial p defined in (2.9) have
negative real part if and only if a; > 0 and As = ajas — a3z > 0 for i = 1,2,3. It is clear
that a; > 0 for ¢ = 1,2, 3. After some simplifications we obtain

A A A
Ag =v u——i—u& + V—l-u&—l-— V—+M&+’Yﬂb1 > 0.
T by by 1 1 b1
Therefore, P; is locally asymptotically stable. of

Now, we are going to prove from direct method of Lyapunov that P, is globally asymptoti-
cally stable when « > ~/. For this end, we use the following Lyapunov function

V = a [z—xl —x11n (£>} + ag {y—yl —y1In (ﬂ)]
Z1 hn
b
+as |:b—b1 —blln <—):| s
b1

where a3 is a positive constant and

PY1
—_— = . 2.10
B s, 2 Bx1by “ ( )

a1 =

To prove the global stability of Py using Lyapunov’s direct method we have to show that
V(P) > 0 and V(P) < 0 for all P € Q. To this end, we need the results given in next
propositions.

Proposition 2.6. The orbital derivative of V is V = —f where f is given by

1 1
f = ai1puTq <’LU1 + — - 2> + alﬂxlbl (wl’LU3 + — — w3 — 1>
w1 wy
wiw w
+asBx1b1 ( ; 2 + wy — wiwz — 1> + azpyy (w_2 + w3 — wo — 1>
3

+azhr bt (wiws + 1 — w3 — wy), (2.11)

being wy = x/x1, we = y/y1, and ws = b/b;.
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Proof. The orbital derivative of V is given by

V = a (1—%)()\—;1:17—[%17)—!—&2 <1—%) (Bxb — vy)

b
+as (1 - 31) (py — b — ~b) (2.12)
From the equilibrium equations (2.3) we have
b b
/\:,uxl—l—ﬁxlbl,z/:ﬂxl 1,7:&—1/&1 L (2.13)
(7 by by
Replacing above values of A, v, and v in (2.12) we obtain
. b b
V = —ajpx; 3—1-2—2 + a18x10, I——i-ﬂ———l
X x z1b1 Y by

by, y xb biy b Y
- b 4D ) A2 Y
asBr1by (x1b+y + — aspyi b + b

b b
—a31/)x1b1 (.’II_ + 1——— i) .

Ilbl b1 X
In the variables wy = x/x1, wa = y/y1 and ws = b/b; we have V=—f. o

Proposition 2.7. If v >+, then the function f is nonnegative.

Proof. Since

B
_ <w2 + By — 7’)b1) .
B(p + Bb1) ’

apry — azpriby = <M - 1/1$1b1> as

> 0,

implies ajpzy > azhxiby and wy + 1/wy — 2 = (wy — 1)2 Jwy >0, then f satisfies

1 1
f > azypxib <w1 +— - 2) + a1 Bx1by (w1w3 +— — w3 — 1)
w1 wy

wyw
+a25$1bl< L0
w2

+azpxiby (wiws +1 — w3 — wy)

1
= (CLgl/):Elbl + alﬁxlbl) <’LU1U)3 + w—l — W3 — 1)

w
+w2—w1w3—1)+a3py1 (w—2+w3—w2—1>
3

w3

w
+azBr1b ( !
w

w2
+ wa —wlwg—l) +a3py1 <w— + w3 — wy — 1> .
3
From next equalities

azx1bi +a1fx1bi = axBr1by = azpyr

we obtain the constants defined in (2.10) and the function f satisfies

wiw w 1
flwi, we,w3) > azpy ( L +—2+——3>, (2.14)
wa ws w1

X3
it can be seen readily that the expression inside parenthesis of (2.14) is nonnegative, and

therefore f is nonnegative.

Taking di = wyws/ws, dy = wa/ws, and ds = 1/wy in the inequality > ., d; > n\/][_, d;,
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Theorem 2.8. If Ry > 1 and~y >+ then nontrivial equilibrium Py is globally asymptotically
stable.

Proof. 1t is clear that V(P;) = 0 and V(P) > 0 for all P € Q. From Proposition 2.6 we
have V = — f and from Proposition 2.7 we have f is nonnegative, therefore V(P) < 0 for all
P € Q. Further V = 0 if and only if = 21, y = y1, and b = b; which implies all trajectories
inside € approach P; when ¢ goes to infinity. o

3 The basic model of Mtb infection dynamics with CTL
response

As mentioned in the introduction, Mtb targets macrophages. When macrophages fail to
harm Mtb, several T-cells populations are required for the successful control of the pathogen.
In this section we want to make a model of cytotoxic T cells (CTL) response against Mtb.
To this end, the Mtb bacteria replicates according to the basic model of Mtb dynamics (1.1).
Let us explore the effect of a CTL response, ¢, which provides a maximum amount of CTL
for the purpose of eliminating infected macrophages.

In the presence of bacteria and infected macrophages, the supply of specific T-cells is given
by o (1 — ¢/¢maz) y, where o is the recruitment rate of T cells, and ¢, is the maximum T
cell population level. Finally, the T-cells die at per capita rate 9.

The assumptions above lead to the following system of nonlinear differential equations

¥ = N—pux— Bab
" = Bxb—ayc—vy
Vo= py—nb
d = o (1 - i) y — dc. (3.1)
Cm

In this case, the set of biological interest is given by
Q= {(z,y,b,c) € RO :0< 24y <A 1,0 <b< Ap/yp,0< e < Ao/du}. (3.2)

The following lemma ensures that system (3.1) has biological sense, that is, all solutions
starting in (3.2) remain there for all ¢ > 0.

Lemma 3.1. The set Q1 defined in (3.2) is positively invariant for the solutions of the
system (3.1).

Proof. Similarly to the proof of Lemma 1.1. o

3.1 Equilibrium Solutions

In this case, before infection, the system is at the equilibrium x = 1, y = 0, b = 0, and
¢ = 0. Suppose that bacteria enter to the organism. The infection progression will depend
of the basic reproductive number, Ry, defined in (1.4). The following theorem summarizes
the existence results of the equilibria.

Proposition 3.2. If Ry <1, then Py = (\11,0,0,0) is the only equilibrium in Q. If Ry > 1,
in addition to Py, there exists an infected equilibrium

A 5 Cmoyba )
Pp=—2 Ty by, 772 )
’ <u+ﬁb2 p 27 Yoo + cmdp

See [13] for proof of Proposition 3.2.
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3.2 Stability of equilibrium solutions

In this section we analyze the stability of equilibria. We begin with the stability analysis of
the infection-free equilibrium.

Proposition 3.3. For Ry < 1, Py is locally asymptotically stable, and for Ry > 1, Py is
unstable.

See [13] for proof of Proposition 3.3. Actually, we can prove global stability of Py when
Ry < 1.

Proposition 3.4. If Ry < 1 then Py is globally asymptotically stable.

See_[l.’i] for proof of Proposition 3.4. In the following we will prove the asymptotic stability
of P, when Ry > 1. For this, we use the following Lyapunov function

V = a [x—:zrg—:zrgln <£)] + as [y—yg—ygln <i>}
Z2 Y2
b c

+as |:b—b2—b2hl <—>} + aq {c—cz—cﬂn <—)} ,
bo &)

where a; is a positive constant and

B _ Bbaxaas  acoyean
a2 = ai, az = , A4 = .
pY2 oy2(l —ca/cm)

(3.3)

As above, next results are needed for prove stability.

Proposition 3.5. The orbital derivative V of V is equal to V = —f where f is given by

1 1
[ = m {Miﬂz (wl +— - 2) + Brabs (w1w3 +— —w3— 1)}
w1 w1

wiw3

+as [ﬁ$2b2 (
w2

+ wy — wiws3 — 1) + aysca (1 + wawyg — we — w4)}
w2

+azpy2 <— + w3 — w2 — 1>
w3

w o
+a40Y2 (w—2 +wy — woy — 1> + ag—yaco(waws + 1 — we — wy), (3.4)
4

Cm,
where w1 = x/xa, wo = y/y2, w3 = b/by and wy = ¢/cs.
See [13] for proof of Proposition 3.4.
Proposition 3.6. The function f is nonnegative.
See [13] for proof of Proposition 3.6.
Theorem 3.7. If Ry > 1 then nontrivial equilibrium Ey is globally asymptotically stable.

See [13] for proof of Theorem 3.7.

4 The basic model of Mtb infection dynamics with ma-
crophage and CTL responses

In this section we formulate a model that consider both the innate and CTL response. The
model is formulated from the macrophage response model (section 3) and the model for
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CTL response (section 4). Under the same hypotheses of the previous models we obtain the
following system of ordinary differential equation

¥ = N—pux— Bub
" = Bxb—ayc—vy
Vo= py—vaxb—b
d = o (1 - i) y — dc. (4.1)
Cm

The results of existence and stability of equilibrium solutions are given in terms of the basic
reproductive number R; define in (2.2), which are summarized in next propositions.

Proposition 4.1. If Ry < 1, then Q1 = (A\/11,0,0,0) is the only equilibrium of the system
(4.1). If Rg > 1, in addition to Q1, there exists an infected equilibrium, Q2 = (x,y,b, c).

Proposition 4.2. If Ry <1 then Q1 is globally asymptotically stable.

Proposition 4.3. If v < v then nontrivial equilibrium Qs is globally asymptotically stable
when Ry > 1.

For the proofs of above propositions see [11].

5 Numerical solutions

To make the graphs in Figure 1 were used the following parameter values 0=0.08, ¢,,=50000,
0=0.33, p=0.12, $=0.0000002, v=0.012, 5=0.0000001, «=0.00002, »=0.02, A=1000, and
1#=0.01. For these values we obtain Ry = 5 and Ry = 1.875, which implies that the
population of bacteria can not be eliminated in any case. Figure 1 confirm the above, in

14
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Figure 1: Bacterial growth in all models.

the first 100 days of the infection, the innate response is more efficient than the cytotoxic
response in the control of bacteria progression. However, in the course of the time the
cytotoxic response becomes a more effective response. These results are consistent with
different reports which state that in the early stage of infection the innate response is more
relevant than the cellular response mediated by T lymphocytes. Also, we find that some
results state that the main protective response to the outcome of Mtb infection is mediated
cellular consisting of T cells and different effector mechanisms [34, 4, 3].
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6 Discussion

In this work we formulate four mathematical models that attempt to describe the dynamics
of Mycobacterium tuberculosis infection at different stages. These models consider the in-
teraction of the most relevant cell populations in the TB infection (macrophages, T cells and
bacteria). The qualitative analysis of the models is given in terms of the basic reproductive
numbers Ry and R; given by

_ B B

Ry = —-22 (6.1)

Ry , By = )
Py pr(y +7')

A
where ' = 1)— is the rate at which bacteria are eliminate by innate response at its equilib-

rium level. Observe that

e Ry is the basic reproductive number of the basic model (1.1) and the basic model with
cytotoxic response (3.1).

e Ry is the basic reproductive number of the basic model with innate response (2.1) and
basic model with both responses (4.1).

Since Ry < Ry then the results suggest that the onset of infection, the innate response is
more efficient than the cytotoxic response. As shown in Figure 1, the best model to control
the bacterial growth is one that combines both the innate response as well as the cytotoxic
response.
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